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THE INITIAL VALUE PROBLEM FOR A THIRD-ORDER DISPERSIVE FLOW
INTO COMPACT ALMOST HERMITIAN MANIFOLDS

EIJI ONODERA

ABSTRACT. We present a time-local existence theorem of solutions to the initial value problem
for a third-order dispersive evolution equation for open curves into compact almost Hermitian
manifolds. Our equations geometrically generalize a two-sphere valued physical model describ-
ing the motion of vortex filament . These equations cause the so-called loss of one-derivative
since the target manifold is not supposed to bedalgr manifold. We overcome this difficulty

by using a gauge transformation of a multiplier on the pull-back bundle to eliminate the bad first
order terms essentially.

1. INTRODUCTION

Let (N, J, g) be a compact almost Hermitian manifold with an almost complex structure
and a hermitian metrig, and letV be the Levi-Civita connection with respectdo X denotes
R or R/Z. Consider the initial value problem of the form

Uy = aViug + J Vs + b gy (U, ug)u, in R x X, (1.1)
u(0,x) = up(x) in X, (1.2)

wherea,b € R are constantsy(t, z) is an N-valued unknown function oft,z) € R x X,
ue(t, r) = duaq)((9/01)4), ue(t, z) = dua)((0/07)(4))s duga) = Tiay(R x X) —
Tuw) N is the differential of the mapping at (¢, z), V, is the covariant derivative induced
from V with respect tor along the mapping, and.J, andg, mean the almost complex struc-
ture and the metric aic N respectively. The equation (1.1) is an equality of sections of the
pull-back bundlex='T'N. We call the solution of (1.1) a dispersive flow. In particular, when
a = b = 0, this is called a one-dimensional Sodmger map.

Examples of dispersive flows arise in classical mechanics: the motion of vortex filament, the
Heisenberg ferromagnetic spin chain and etc. Solutions to these physical models are valued in
two-dimensional unit sphe® C R3. Ford = (uy, uz, u3) € R3 andv’ = (vy, vy, v3) € R3, let

£y

U= U101 +U2U2+U3’U3, |ﬁ| = V-

£y

U X U= (UgU3 — UgVs, U3V — UV3, UV — UV ).
In [2], Da Rios formulated the equation modeling the motion of vortex filament of the form
Uy = U X Ugy, (1.3)

whereii(t, z) € S? denotes the velocity vector along the space curve describing the position of
the vortex filament ifR? at (¢, z), ¢ is the time andc is the arc-length in this physical model.
See also, e.g., [8] and [10] for physical backgrounds of (1.3). The physical model (1.3) is an
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2 E. ONODERA

example of the equation of the one-dimensional 8dimger map. Our equation (1.1) with
b = a/2 geometrically generalizes &fi-valued physical model

3
Up = U X Uypy + O | Upyy + E{ﬁz X (U X Uy)}e (1.4)

describing the motion of vortex filament & proposed by Fukumoto and Miyazaki in [5].

Here we state the known results on the mathematical analysis of the IVP (1.1)-(1.2). There
has been many studies on the existence of solutions to (1.1)-(1.2) béth-o® andR/Z only
when (N, J, g) is a Kahler manifold. See [1], [3], [9], [11], [12], [13], [19], [21] fat = 0 and
[16], [17], [18], [22] for a # 0. Time-local existence theorems were proved by some classical
energy estimates with respect to the following quantity like thenergy

|]V||ig(X;TN) = /Xgu(x) (V(z),V(x))dr for V €T (u'TN).

More precisely, ifV is a metric connection{g = 0) andg is a Kahler metric ¥ J = 0), then
the equation (1.1) behaves like symmetric hyperbolic systems, and the classical energy method
works well. This fact is closely related with the geometric studies of the good structure of the
equation of dispersive flow into a compact Riemann surfac®.oBeing inspired with Hasi-
moto’s pioneering work in [8], Chang, Shatah and Uhlenbeck constructed a good moving frame
along the map, and rigorously reduced the equation of the one-dimensionatBcjar map
into a compact Riemann surface to a simple form of a complex-valued nonlined@d8uer
equation in [1]. Using the same idea, the author studied the geometric reduction of the equa-
tions of higher-order dispersive flows in [18]. In addition, time-global existence theorems were
also studied under some geometric conditions. For the one-dimension@id®cjer maps,
time-global existence holds {fV, J, g) is locally symmetric. See [9], [19], and [21]. For the
third-order equation (1.1), Nishiyama and Tani in [16] and [22] proved time-local and time-
global existence of solutions wheki = R or X = R/Z, N = S?, and the integrability
conditionb = a/2 is satisfied. They made use of some conservation laws to prove the global
existence theorem. These conservation laws were discovered by Zakharov and Shabat in the
study of the Hirota equation. See [24] for details. In [17] the author generalized these results
whenX = R/Z. He proved a time-local existence theorem for (1.1)-(1.2) wkiés a compact
Kahler manifold, and proved a time-global existence theorem whésma compact Riemann
surface with a constant curvatukg and the conditioh = Ka /2 holds.

On the other hands, almost Hermitian manifolds do not necessarily satisfyathierkcon-
dition VJ = 0. For example, it is well-known that°, the Hopf manifoldS?**! x S, and
S?HL x S2atl (p, g = 1,2, 3,...) never admit the structure ofdbler manifolds. If the hler
condition fails to hold, therWV.J causes the so-called loss of one-derivative, and the equation
(1.1) behaves like the Cauchy-Riemann equation. In this case, the classical energy method
breaks down. The main purpose of this paper is to show the time-local existence theorem of
(1.1)-(1.2) without the Khler condition. To state our results, we here introduce some function
spaces for mappings.

Definition 1.1. Let N be the set of positive integers. Far € N U {0}, the Sobolev space of
mappings is defined by

Herl(R; N)={ue CR;N) |u, € H"(R;TN)},
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whereu, € H™(R; T N) means that, satisfies
HUIHJQLI"L(]R;TN) = Z/Rgu(m)(Viugﬁ(x), Vi, (z))dr < +oo.
7=0

Moreover, let/ be an interval iR, and letw be an isometric embedding ON, J, g) into the
standard Euclidean spa@®?, g,). We say that: € C'(I; H™(R; N)) if u € C(I x R; N') and
(wou), € C(I; H™(R;R?)), whereC(I; H™(R; R?)) is the set of usual Sobolev space valued
continuous functions on.

Our main results is the following.

Theorem 1.1.Let (NN, J, g) be a compact almost Hermitian manifold, and det 0, b € R.
Then for anyuoe H™(R; N) with an integern > 4, there exists a constafit > 0 depending
only ona, b, N and |lug, || g+r;rny Such that the initial value problerfi.1)-(1.2) possesses a
unique solutionueC ([T, T); H™(R; N)).

Roughly speaking, Theorem 1.1 says that (1.1)-(1.2) has a time-local solution in the usual
Sobolev spacél®(R; RY) = (1 — 92)75/2L%(R; RY).

Our idea of the proof comes from the theory of linear dispersive partial differential operators.
Consider the initial value problem for linear partial differential equations of the form

Ut + Uz + (@)U + 0()u = f(t,2) In RxR, (1.5)

wherea(z),b(z) € %°°(R), which is the set of all smooth functions &whose derivative of
any order are bounded dR, u(t, z) is a complex-valued unknown function, arfift, z) is a
given function. Tarama proved in [23] that the initial value problem for (1.3)isvell-posed

if and only if
Y
/ Im a(s)ds

for anyx,y € R with some constant’ > 0. The necessity is proved by the usual method of
asymptotic solutions. In order to prove the sufficiency, Tarama first constructed a nice pseudo-
differential operators of order zero which is automorphid8(R; C) under the condition (1.6),

and eliminates/—1Im a(x)d,. This is one of the methods of bringing out the local smoothing
effect ofe %% onR, and this property breaks down &)Z. See e.g., [4]. Tarama also pointed

out unofficially that ifim ac L*(R; R), then (1.6) holds and the proof of sufficiency becomes
quite easier than the general case of (1.6). In this case, a gauge transformation defined by

u(r) — v(x) = u(x) exp (% /OO{Im a(y)}Qdy) (1.7)
is automorphic orL?(R; C), and (1.5) becomes

Uy 4 Vgga — {Im a(2) Yge + {a(z) + V—=1Im a(z)}v, + b(z)v = f(t, x) (1.8)

with somed, b € Z>(R) and f, wheread is a real-valued. The initial value problem for (1.8)
is L2-well-posed in the positive direction ¢fince the second-order tedm a(x)}29? domi-
nates the seemingly bad first-order tegm-1Im a(x)d, essentially. In this special case, pseu-
dodifferential calculus is not required.

We make use of the idea of the gauge transformation (1.7). Roughly speaking, W& gge
satisfies the form

(Ve —aVi =V, J, V) Viu, — m(V,J,) V. Vi, = harmless terms (1.9)

< Clz —y|'? (1.6)
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where(V,J,) is the covariant derivative of the, 1)-tensor fieldJ, with respect tor alongu.
The termm(V,.J,) V. V7'u, cannot be controlled by the classical energy method siwcéd,)
behaves as anti-symmetric operatorigfR; 7'N) in the sense

/ G(Vod )V, W)d = — / o(V. (Vo )W)dz, for VW € T(u""TN).

We introduce a gauge transformationwon' TN defined by

ViU, (t, ) — VI'u,(t, ) exp <—%/ g(ux(t,y),ux(t,y))dy) , (2.10)
which eliminates the bad term essentially si(tg./,) = O (g(ux, ux)l/Q). Parabolic regular-
ization and the energy estimates with (1.10) prove Theorem 1.1. The assumptiofis the
requirement on the integer for our method to work.

When (N, J, g) is a Kahler manifold, we do not need the regularity> 4. In this case, the
termm(V,J,)V.V™u, vanishes in (1.9), thus the classical energy method works. Indeed we
prove the following.

Theorem 1.2.Let (N, J, g) be a compact Bhler manifold and let: # 0 andb € R. Then for
any upe H™1(RR; N) with an integerm > 2, there exists a constafit > 0 depending only
ona,b, N, and ||ug, || m2r;rny SUCh that the initial value probleifl.1)(1.2) possesses a unique
solutionueC([-T,T]; H™™(R; N)).

Theorem 1.3.Let (N, J, g) be a compact Riemann surface with constant Gaussian curvature
K and leta # 0 andb = aK/2. Then for anyuoe H™(R; N) with an integerm > 2, there
exists a unique solutioneC'(R; H™(R; N)) to (1.1)}(1.2).

Theorem 1.2 and 1.3 are analogues of the resultXoa R/Z in [17]. We remark that
Theorem 1.3 generalizes the resultsXon= R in [16] and [22]. The key idea of the proof is
the use of some conserved quantities generalizing what is used in [16]. Examples of Riemann
surfaces satisfying the conditions in Theorem 1.3 are not only the two-sphéfé = 1) and
the flat torusT? = R?/Z? (K = 0), but also closed hyperbolic surfacds & —1).

The organization of this paper is as follows. Section 2 is devoted to geometric preliminaries.
In Section 3 we construct a sequence of approximate solutions by solving the IVP for a fourth-
order parabolic equation. In Section 4 we obtain uniform estimates of approximate solutions.
In Section 5 we complete the proof of Theorem 1.1. Finally, in Section 6 we give the sketch of
the proof of Theorem 1.2 and 1.3.

2. GEOMETRIC PRELIMINARIES

In this section, we introduce some geometric notations used later in our proof. One can refer
[15] for the elements of nonlinear geometric analysis.

We willuseC' = C(-,. .., ) to denote a positive constant depending on the certain parame-
ters, geometric properties of, et al. The partial differentiation is written I3y or the subscript,
e.g.,0.f, f., to distinguish from the covariant derivative along the curve, &g.,

Throughout this papety is fixed as an isometric embedding mapping fraW J, ¢) into a
standard Euclidean spa¢&?, gy). Existence ofw is ensured by the celebrated works of Nash
[14], Gromov and Rohlin [7], and related papers.

Forg > 0, let (w(N))s be ad-tubular neighbourhood af(N) c R¢ defined by

(Vs = {Q=q+X eR'[g € w(N), X € (Tu(N)*, [X] <4}
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where| - | denotes the distance iR¢, and letr : (w(N))s — w(N) be the nearest point
projection map defined by(Q) = ¢ for Q@ = ¢ + X € (w(NV))s. Sincew(N) is compact, for
any sufficiently smalb, = exists and is smooth. We fix such small

Letw: R — N be given.u TN = {J, g Tu) N is the pull-back bundle induced frofiv
by u. V is called a section o 'T'N if V(z) € TN for all z € R. We denote the space
of all the sections ofi'T'N by I'(u~'T'N). ForV,W € T'(u~'T'N), define the quantities like
L2-inner product by

Amumwzé%mwmwuwn|mmmm=4awmm

Then the quantityiu. |7 gy, defined in Definition 1.1 is written by

m
lwelZrmeirny = D Vil Fa@amy-
j=0

In contrast, the standaricf-product and.?-norm are written by
V) = [ oV Wads, VI3 = (V)

for VW € L*(R;R?), and the quantity{V'|%,... is written by

R;R%)

V11 gigty = D 102V 172 ime-

j=0

Atthis time||u, || gmrirn) < ocifand only if ||(wou), || gm @ rey < co. See, e.9., [20, Section 1]
or [11, Proposition 2.5] for this equivalence. Noting this equivalence, we see

H™(R; N) = {u € C(R; N) | (wou), € H™(R;R%)}.

Finally, fora > 0, m € NU {0} and an interval C R, C%*(I; H™(R;RR%)) denotes the usual
H™(R; RY)-valued a-Horder space ord. We will make use of fundamental Sobolev space
theory of H™(R; RY) later in our proof.

3. PARABOLIC REGULARIZATION
The aim of this section is to obtain a sequegge}.c 1) Solving
wy = —& Viu, +aViug + J, Vot + b gy (Us, ug)uy, in (0,T.) x R, (3.1)
u(0,x) = ug(x) in R (3.2)
for eache € (0,1), whereu = wu°(t,z) is also an/N-valued unknown function oft, z) €
[0,7.] x R, andug is the same initial data as that of (1.1)-(1.2) independent®f(0, 1). The

argument in this section is essentially same as that in [17, Section 3]. In fact, we can show that
(3.1)-(3.2) admits a unique solution near the initial dataDefine

Loy = {u € L*((0,T) x R; N) | ||lwou — wou0||Loo((07T)XR;Rd) < 5/2}

for T > 0, wherey > 0 is the fixed constant describing the radius of the tubular neighbourhood
of w(NN) as stated in the previous section. We show the following.

Proposition 3.1. Letu, € H*"(R; N) with an integerk > 2. Then for eacke € (0,1),
there exists a constafit = T'(c, a,b, N, |[uoe|| g r;rny) > 0 @and a unique solution = v €
C([0, T H*Y(R; N)) N Lg%, to (3.1)1(3.2).
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Proof of Proposition3.1 Via the relationv = wou, the IVP (3.1)-(3.2) is equivalent to the
following problem

Vp = —EUppaz + F(v) In (0,T,) X R, (3.3)
v(0, x) = woug(x) in R, (3.4)
wherev = v°(t, z) is aw(N)-valued unknown function oft, z) € [0,7.] x R, andF(v) is
written by the form
F(v) = —e{[A(v)(Vz, )]z + [A(0) (Vez + A(V) (V2 V)5 V2 )]
+ A(V) (Vezr + [A(V) (V2 V2)]e + A(V) (Ve + A(V) (V2 V2), V2 ), ) }
+ a{Vgza + [A(V) (Ve V2)]e + A(V) (Vew + A(V) (V2 Ve), V) }
+ dwyy 10y Ty 10ndW, (Ve + A(V) (Vg V2)) + blvg|*ve,
where, A(v)(+,-) : T,w(N) x T,w(N) — (T,w(N))* is the second fundamental form of
w(N) C R? atv € w(N). Note that there exist§ € C>(R*; R?) such that

forv: R — w(N), andG(v,p, q,r) satisfies
2

0°G
G(v,0,0,0) =0, W(v,p,qw) = 0.

The equation (3.3) is a system of fourth-order parabolic evolution equatioR$fealued func-

tion. In place of the IVP (3.1)-(3.2), we will solve the IVP (3.3)-(3.4). The proof consists of
the following two steps. First, we construct a solution of (3.3)-(3.4) whose image are contained
in (w(N)); ¢ RY More precisely, we extend (3.3) to an equation for the vector-valued func-
tion valued in(w(N))s and construct a unique time-local solution of the IVP for the extended
equation in the class

Yr = {v € Xz | ||[v — woug|| oo ((0,7)xrrt) < 0/2}
for sufficiently smalll” > 0. Here
Xr={ve C([0,T] x R;R?) | v, € C([0, T): H*(R;R7))}
is the Banach space with the following norm
[0l xp = 10l oo o 1 xReRe) + 102l oo o 710 (RoRaY) » ¥ € X

Secondly, we check that this solution is actuallyV)-valued by using a kind of maximum
principle.
In short, it suffices to show the following two lemmas to complete our proof.

Lemma 3.2. For eache € (0, 1), there exists a constafit > 0 depending or, a,b, N and
|| (woug).|| e (r;ray @nd there exists a unique solution= v° € Y7, to

Vp = —EVpgue + F(mov) in  (0,7:) x R, (3.5)
v(0, z) = woug(x) in R. (3.6)
Moreover, the magwouy), € H*(R;RY) — vE € C([0,T.]; H*(R;R?)) is continuous.

Lemma 3.3. Fix ¢ € (0,1). Assume that = v° € Y7, solves(3.5)(3.6). Thenv(t,z) € w(N)
forall (¢,z) € [0, 7] x R, thusv solves(3.3)-(3.4).
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Proof of Lemme&B.2 The idea of the proof is due to the contraction mapping argument.
Let L be a nonlinear map defined by

t
Lo(t) = ey + / e~ F((mov) (s))ds
0

= /RE(t, x —y)vo(y)dy + /Ot /R E(t —s,x —y)F((mov)(s,y))dyds,

wherevy = woug, and E(t, z) is the fundamental solution associatedo+ 9. Note that,
if v € Yp, mov takes value inv(N) and thusF'(rov) makes sense. The IVP (3.5)-(3.6) is
equivalent to an integral equation of the form= Luv.

SetM = ||voe || grw;re), @and define the space

ZT = {U € YT | ||U$||L°°(O,T;Hk(R;Rd)) < 2M}

Zris a closed subset of the Banach spage To complete the proof, we have only to show that
the mapL has a unique fixed point idr. for sufficiently small7;. > 0, since the uniqueness in
the whole spac&7. follows by similar and standard arguments.

First, consider the properties ef<'%. Sinceu, € H*1(R; N), v, is especially bounded
and uniformly continuous oR. Thus, it is easy to check that

e~y — vy in C(R;RY) as t— 0, (3.7)

and

—etdd

le™ % vou || i (rirey < [|voa| e rira)- (3.8)

Moreover,e~<'%: gains the regularity of orde3, since(c'/4t'/4|¢|)e=<%" is bounded forj =
0,1,2,3. In fact, there existé; > 0 such that

—cto4 — —
le™*% 6| s iy < Cre™ %41l rv—2(rsma) (3.9)

holds for anyp € H*2(R;R?).

Secondly, consider the nonlinear estimatesF¢frov). If v belongs to the clasgr, we
seev(t,-) € C(R; (w(N))s) and [|v,(t)|| gr@rey < 2M follows for allt € [0,7]. Thus, by
observing the form of'(v) and the compactness of V), it is easy to check that there exists
Cy = Csy(a,b, M, N) > 0 such that

| F'(mov) ()] mr—2riray < Col|ve ()] meriray, (3.10)
| F(mou)(t) — Flrou)(O)ll s < Ca () — o(6)l gz + ) — a0t ez
(3.11)

foranyu,v € Zp.

Using the properties (3.7), (3.8), (3.9) and the nonlinear estimates (3.10), (3.11), we can
prove thatL is a contraction mapping frordr. into itself if 7. is sufficiently small. It is the
standard argument, thus we omit the rest of the proof. O

Remarkl. Suppose that® € Y . solves (3.3)-(3.4). Then we can easily chegk, ¢
L*(0,T.; HY(R;RY)) and F(wov®) € L?(0,T; HY(R; R?)) from the standard arguments. Thus
we seev; belongs to the same clags(0, 7.; H'(R; R)), which implies that® — v, belongs
to the clasg”%'/2([0, T.]; H'(R; R%)).
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Proof of Lemma.3. Suppose € Y7 . solves (3.5)-(3.6). Define the map (w(N)); — R? by
p(Q) =Q —m(Q) for Q € (w(N))s. Then we deduce

lpou(t,2)| = min_[o(t,z) —g| < Ju(t, ) — vo(a)]:
gew(N)
Notice that the first equality above is due to the compactnesg &1). In addition, as is stated
in Remark 1p(t) — vy belongs tal?(R; R?) and thuspov(t) makes sense ih?(R; RY) for each
t. To obtain that is w(/N)-valued, we will show
lpov ()| Z2@may = (pov(t), pov(t)) =0

forall t € [0,7%]. Sincer + p is identity on(w(N))s,

dmy, +dp, = 1 (3.12)

holds onT,,(w(N))s, wherel, is the identity. By identifyingl, (w(N))s with R¢, we see that
v(t, ) € Ty (w(N))s anddm, (ve)(t, ) € Troutzyw(INV) for each(t, z). Thus it follows that
(pov, dm,(vy)) = 0. Using this relation and (3.12), we deduce

1d
5 g IPe V][ 72 @may = (pov, dpy(vr)) = (pov, dp,(v) + dmy(v;)) = (pov, vy) .

Recall here, by the form of the right hand side of (3.3), that,... + F(0) € T'(0"'Tw(N))
holds for anyo : R — w(N). Thus we seé—c(mov) ppp+F(mov))(t) € T'((mov(t)) ' Tw(N))
sincerou(t) € w(N), and thus this is perpendicular tov(¢). Noting this and substituting
(3.5), we get

1d
9 dth UHL2 (R;RY) — = (poV, —EVz4z + F(moV))

= (pov, —&(pov)szzs — E(TOV)pgas + F(moV))
= (pov, —£(pov)sazs)
= _5H(pov)rx”%2(R;Rd) <0,

which implies||pov(t )HL2(R Ra) HpOUOH%%R;W) = 0. Hencepouv(t) = 0 holds. Thusu(t) is
w(N)-valued for allt, which completes the proof. O

Setu = wtov for the solutionv in Lemma 3.2. It is now obvious that thissolves (3.1)-
(3.2). Thus we complete the proof. O

4. GEOMETRIC ENERGY ESTIMATES

Let {u®}.c01) be a sequence of solutions to (3.1)-(3.2) constructed in Section 3kwith
m > 4. We will obtain the uniform estimate dfu;, }.c,1) and the existence time. Our goal of
this section is the following.

Lemma 4.1. Let uy € H™™(R; N) with an integerm > 4, and let{u*}.c1) be a se-
qguence of solutions t¢3.1)(3.2). Then there exists a constaint > 0 depending only on
a,b, N, ||uoz || 4 srny SUCh that{us }.c(0,1) is @ bounded sequence I (0, 7; H™(R; T'N)).

Proof of Lemmat.1 We define

Ke(ta) = =50 [ gt o)y
Ve (t z) = K GAT™E (¢ 1),
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1/2
Na(8) = (I OBmosgermy + IV OB )

We will obtain the differential inequality fofN2, (¢))?. SinceN: (0) is independent of, we set
ro = N;(0) and
T =sup{T > 0| Nj(t) < 2roforallt € [0,7]}.
Lemma 3.2 show$?* > 0. Moreover, there exists a positive constéfit,, ro) > 1 such that
Cla,ro) "Ny, (t) < [us ()| ry < Cla,mo) Np(t) - fort € [0, T7].
This follows from the relation
|e:|:K5(t,z)‘ < 1+€ﬁIIU§(t)H2Lg<R;TN) < 1+€ﬁlluoﬂ\i2m;m)_

Note here that the second inequality of the estimate above is due to

Hu;(t)H%Q(R;TN) < HuOIH%Q(R;TN)?
which follows from the energy inequality of the form

1
Sl s = [ 9(Fuc,ac) da

- / 9 (Vi) da
R

- / g (—eVaus, + aViug 4+ Vi, Ju= Vo, + bV, [g(us, ul)ug], ) da
R

x) x Y x
= _8Hviu§”%2(R;TN) < 0.

The last equality of the estimate above is easily checked by repeatedly using integration by
parts. Especially, we see that

/g (Vo due Vous, ul) de = — / 9 (Jue Vs, Vous) de = 0,
R R

where the second equality above is due to the fact(tNat, ¢) is an almost hermitian manifold.
Having these notations and properties in mind, we show the following.

Proposition 4.2. There exists a positive constatit= C(a, b, m, N, ry) > 0 and an increasing
functionP(-) on [0, +o00) such that

1 d 3] € g,(m = g
5o (NE(0)” + (Hviv ) gy + D IV O
=0
1 3 3 g,(m (4-1)
+5ll (9(us (), uz () VoV () Z2 ey
< Cla,b,m, N, 7o) (NG (1) + Ni Ly (1) (N5 (1))
follows for allt € [0, T7].

Proof of Propositiord.2. Throughout the proof of (4.1) we simply writg J, g, K, V(™ in

place ofu®, Jue, gue, K, V=™ respectively, and writd - || zx = || - || zr@any, || - 22 =
Il zz@any, || - |z = || - | Lo wyrvy fOr & € N, and sometimes omit to write time varialle
The main object of the proof is the estimation of
1d

VOO = [ a0,V ) (4.2)
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Thus let us compute the equationiof™. Operating=“V7*! on (3.1), we have
VWV 4 evivim — aViVe — v, Vv,V — el - F = Fy, (4.3)
where
P =4K V3V 4 6(K,, — KH)V2ym
+ 4Ky — 3K, Ky + K2V, V™
+ (Ke — 4K Kype — 3K, + 6K, Ky — K)V ™

m—1
+ 3 VL [R(u,, Viu,) VI, (4.4)
=0

Fy = —3aK,V2V™ - 3a(K,, — K2)V, V™
— K,V JV™ — K, JV, V™ 4 m (V,J)V, V™
— aR (s, ViV g + 26 g(Vo V™ ug)ug + b g(ug, u) VoV, (4.5)

m—1
Fy=K,V™ _g¢ (Z EAVA [R(ux, ViuI)V;”_l_lux] — R(uy, va(m))ux>

=0
m—1
= e VL [R(ug, TV o)V
=0

— (K pae — 3K Ky + K2)V(™

— (Kpy — KHJVT™ —mK, (V,J) V™
m l
Al

! K (wj+l m+1—j
+sz—!(l—j)!e (VIFLT) Vit iy,
— 2szg(V(m), Uz Uy — DK g(Uy, uw)V(m)

1)!
+bek Z Mg(vgum VPu,)Vu,. (4.6)

alBly!

a+B+y=m+1 ﬁ’y
a,3,720

max{a,B,7}<m

Here R denotes the curvature tensor(@w, J, g), and(V,.J) is the covariant derivative df., 1)-
tensor fieldJ with respect tar alongu defined as

(Vo) V =V, JV — JV,V for V €T (u'TN). 4.7)

(V,J) is, by definition, a(1, 1)-tensor field. In the same wafy/’™!.J) denoting the(j + 1)-
th covariant derivative of is also(1, 1)-tensor field along:. See, Appendix, for the precise
computations above.

We next obtain the estimate of (4.2) by putting (4.3) into there. To make this estimate be
clear or to focus only on the estimation of important parts as possible, we use the notation as
follows.

Definition 4.1. For A,B € R, A = B if and only if there exists a positive constafit =
C(a,b,m, N,r9) > 0 and an increasing functioR(-) on [0, +oc0) such that

A— B < Cla,b,m, N,ro)P(N5(t) + N5,_, () (N5, (1))
follows fort € [0, T7].
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First, it follows from the repeatedly using of integration by parts that
[ ol=eviv vz — e vRr o,
R

/ g(aVEV™ Vmhdy = —q / g(VAV ) v Ve = 0,
R R

/ g(Vo IV VI VI — / g(JV V™ v, VImdg =0,
R R

Next, let us go to the estimation é%. The following four terms

—3a(Kye — KAV, V™ —aR(ug, V, V™),
ng(V:pV(m),um)ux, bg(ux,um)VxV(m)

are easily controlled by a use of integration by parts. Indeed, we have

/ g(—3a(K,p — K2V, V™ Vm)ydg
R

- —37“ G(Kpw — K2V, V™ V) gy
R
3a 2\1/(m) (m)
R
3a 2\ 1/(m) 1/(m)
R

= | 9((Kpe — K2), V™ VM)dg
2 Jr

/ g(—aR(uy, V,V ™ )u,, Vi) dx
R

a

= —5/g(R(ux,VmV(m))ux,V(m))dx
R

+g / 9(R(up, VI )y, V, V™) dz
R

+% / 9(R(ug, V)V g, V) dz
R

+g / G(R(Vytta, V)i, V)
R

+2 / (Vo R) 1ty VO iy, V)
R

= a/g(R(um,V(m))qum,V(m))dw
R

a

+§/g((va)(ux,vW)ux,v<m>)dx
R

0,

11

(4.8)
(4.9)

(4.10)

(4.11)

(4.12)
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T

g(2b g(VmV(m), Uy ) U, V(m))da:

_ 9 / 9(g(VO™ Vo Yy, VO ) d (4.13)
R
0

/g(bg(ux,ux)Vﬁv(m),V(m))dx

R

= —b/g(g(Vgqu;,ux)V(m),V(m))dx (4.14)
R

= 0.

Notice that the second equality of (4.12) follows from the fundamental property of the Rie-
mannian curvature tensét such as

g(R(X,Y)Z,W) =g(R(Z,W)X,Y) for X,Y,Z,W €T (u'TN).

The estimates of the rest termsiof are demonstrated as follows. For the estimate related to
the term—3a K, V2V (™) we have

/ 9(=3al, V2V ™ VIm))dy
R
R
== / 9(9(tz, ua) VoV, W,V ) dy — 2 / 9(9(V oty u)V, V0 VMg (4:15)
R R

= (g0t VYN + [ (0Tt )], VO V)
R

= _” (9(ua, u;v))l/Q V:cv(m)H%?-

As for the termm (V,.J) V.V ™, note first that there exists a positive constant= C;(N) >
0 such that

(V)| () < CL(N) (9(up (@), up () (4.16)
holds uniformly with respect te. Thus we have

/ g(m (Vo J) V, V™ v im)ygg

R

< m| (Vo) Vo VI 2 [V 2

< mCHN)| (g(up, 12)) > VoV | 2 [V (4.17)

m2C?

< ol oo, 2)) P VLV 1 T

VEIZ
= pll (9, ) > VLV

for anyp > 0. Note that the third inequality above is due to the Schwartz inequality.
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In the same way, as for the termi, V,JV ™ and—K,JV,V ™) we have

/ g(—K Vo, JVm Ve 4 / G(— K, JV,V vy
R R

R R
=2 / g(KJVm™ v, V) dg
R

(4.18)
2
- " 3a 9((g(ua, u:c))l/2 Jv(m)a (9(ua, u:c))l/2 va(m))dx
R

< Il (9(atg )2 VOV, + (m ) 3! (s )2 TV
= ol (9(utg, 12)) V2 VLV 2,

foranyp > 0.

By combining (4.11), (4.12), (4.13), (4.14), (4.15), (4.17) and (4.18), and by takingd /4,
we deduce

[ o).V 0 = =5 000000 TV O @19)

Thirdly, we considerF;. There never appear the terms containing higher ordered derivative
like V™, with [ € Nin F3. Hence it is easy to obtain that

/Rg(Fs(t), VI (t))dz < Ca, b,m, N,ro) P(NG(8) + Ny, (8)) Ny, (0)[VI ()12

= 0.

Here we add some comments on the estimation. The curvature tensor is estimated as follows:
fori > 0 (resp.j > 1)andU,V,W € I'(u T N), there exists a positive constaritN, ) > 0
(resp.C(N, j) > 0) such that

Ve [RUVIW]| (2) SCND) Y [(VER)|IVRU] VAV VW] (2),

p+q+r{rj:l
D,q,7,3 20

(4.20)

(VIR)|(z) SCIN. )Y D [VPug| [ VB, (x) (4.21)

a=l a+3 ) pr=j
pr20

uniformly with respect tas, where|-| = (g(-,-))"/*. Similarly, the(1, 1)-tensor field(VZ*.J)
with j > 0 is estimated as
‘ j+1
(VIPD][(2) SCING) Y D0 VBl [Virw[ () (4.22)
a=1 a+375  pr=j+1
pr=0

for some positive constar (N, j) > 0. Observing them, we can see that higher ordered
derivatives never appear ifi; and thus (4.20) is obtained. Note al&gV ™ is contained in
F3. The requirementn > 4 comes to control this term. In other words, th&-norm of K

is bounded by some positive consta@it= C(a,r,). Hencek,V(™ is also harmless in the
estimation (4.20).
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Finally we consider the termF;. By repeatedly using integration by parts and the Schwartz
inequality as before, it is easy to check that

[ 9cR0. Ve 0)ds = pe V2V ) (4.23)

R

for anyp > 0. Thus, by taking = 1/2, it follows from (4.8) and (4.23) that
/ﬁ«fvﬂmm@+fﬂ@»vWNwaz—gm@vWNm&% (4.24)
R

Consequently, (4.9), (4.10), (4.19), (4.20), and (4.24) yield that (4.2) is estimated as follows:

1d € 1
Z 2 ym) 2 22y (m) 2 il 1/2 (m) 2
Sl Ol + SIVEV OOl + 51 gle®), w) VYOO, e
< Cla,b,m, N,ro) P(NS(t) + Ny, (1)) (N3, (1))
for someC/(a, b, m, N, ry) > 0 and increasing functiof(-).
On the other hands, it is easy to prove
14 122 (6|1 + Emzl IV 2ue(t)[[72 = 0 (4.26)
24t YT g £ BT L= '
By adding (4.25) and (4.26), we obtain the desired estimate (4.1). O

Lemma 4.1 follows immediately from Proposition 4.2 in the following waymli= 4, then
(4.1) implies that

(NE(1)? < r2exp (2C(a,b,4, N, ro)t) for te[0,T7).
If we sett = T, then this becomes
drg = (N3(T7))* < g exp (2C(a, 0,4, N, ro)T7)
which implies
2C(a,b,4, N,rg)
log4 '

ClearlyT depends only on, b, N, ||uq.| 4+, being independent af € (0,1), and{u }.c(1) is
a bounded sequencein®(0,T; H*(R; TN)). Then, by using the Gronwall inequality for =
5,6, . ..inductively, we obtain thafu’ }.c (o 1) is a bounded sequencelir (0, 7; H™(R; TN)).

U

r>T=

Remark2. {u; }.c(0,1) gains the regularity in the following sense: By integrating (4.1)0of],
we obtain

m—1
9 e.(m €
5 (HV?@V T 2o,y rarn) + ) HVi”uxH%a((o,mR;Tm) <C

=0

for some constar®’ = C'(a, b, N, ||ugs||z=,T) > 0independent of € (0, 1). Thisimplies that
the sequencé='/2V™ug }.c(0,1) is bounded inL?(0, T; H*(R; TN)). From this and Lemma 4.1
it is obvious that{u; }.c(o,1) is also a bounded sequencelit(0, 7; H™ %(R; TN)). We will
use this property in the compactness argument in the next section.
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5. PROOF OFTHEOREM1.1

Proof of Theoreni.1 We are now in a position to complete the proof of Theorem 1.1. We have
only to solve (1.1)-(1.2) in the positive direction of the time variable.

Proof of existenceSuppose that, € H™"(R; N) with the integern > 4 is given. By apply-
ing Proposition 3.1 aé = m, we construct a sequenge*}.c (1) solving (3.1)-(3.2) for each
e > 0. Recall that Lemma 4.1 implies that there exists= T'(a, b, N, ||uos || garny) > 0
which is independent of € (0, 1) such that{u; }.c(,1) is bounded in.>(0, 7; H™(R; TN)).
Recall also, as stated in Remark 2 in the previous secfigi}..c 1) is bounded in the class
L*(0,T; H"2(R;TN)). Having them in mind, define® = wou®. Then the boundnesses
above imply respectively thgts }.c(,1) is bounded inL>(0, T; H™(R; R%)) and {v{ }.c(0.1

is bounded inL?(0, T; H™%(R; R?)). Especially, this boundness f;}.c1) yields that
{v:}ee(0,1) is bounded in the class®/2([0, T]; H™3(R;R%)). Then the standard compact-
ness arguments imply that there exists a subsequgA¢ey andv such that

vl s v, in L0, T; H™(R; RY)) as j — oo, (5.1)
vl — v, in C(0,T); H" HR;RY)) as j — oo, (5.2)
v/ — v in C([0,T] x B(0,R);R%)) as j — oo (5.3)

for any R > 0, whereB(0,R) = {z € R| |z| < R}. In particular, (5.3) implies that €
C([0,T] x R;w(N)) andw~ov satisfies the initial condition (1.2). Furthermore, it is easy to
check that satisfies (3.3) withe = 0. At this time, notice that, € L>(0,7; H™(R; R%)) N
C([0,T]; H™ Y(R; R?)) follows. As a consequence, we have= wlov € C([0,7] x R; N)
with

u, € L0, T; H"(R; TN)) N C([0, T]; H™ 1 (R; TN)) (5.4)
which solves (1.1) with the initial data,. Thus we complete the proof of the existence of
time-local solutions. O

Remark3. For the solutioru = w~'ov, sincev, € L*(0,T; H™(R;R?)), v; belongs to
L>(0,T; H™%(R;R%)), and thus we see that— wou, belongs taC%* ([0, T]; H™2(R; RY)).

Proof of uniquenesd.etu,v € C([0,7] x R; N) be solutions of (1.1)-(1.2) with (5.4), and let
u(0,x) = v(0,x). ldentify u, v with wou, wov. Thenu andv satisfy
VUt — QUggy = .f(va U:cavxx)a
where
[0, 02, v0) =a {[A(V) (2, v2)], + A(V) (Ve + A(V) (Vey V2), 02) }
+ AWy 100 Ji-100dW, (Vg + A(V) (Vg, V) + b |vgc|2 Vg
forv : R — N. As is stated in Remark 3, both— woug andv — woug belong to the class
CoL([0,T]; H™%(R; RY)) and thus: = u — v is well-defined as &?-valued function. Taking
the difference between two equations, we have
i f(u7 Uy, u:m:) - f(?], Vg, Uxx)a

To prove thatz: = 0, we can show that there exists a constant- 0 depending only on

a, b, N, HU:L‘HLOC(O’T;HQ(R;Rd)), andHUIHLoo(O’T;HZ(R;Rd)) such that

d
Z 2Ol @may < ClzOn @ma)- (5.5)



16 E. ONODERA

This estimate can be obtained by completely same calculation as that in the proof of the unique-
ness in [17]. Note, though the only case that J, g) is a Kahler manifold is discussed in [17],

the argument proving the uniqueness works also wWhér, ¢) is a compact almost Hermitian
manifold. Thus we omit the proof of (5.5). O

Proof of the continuity in time of V7w, in L?(R; TN). We have already proved the exis-
tence of a unique solution € C([0,7] x R; N) with (5.4). Thus the proof oV7'u, €
C([0,T); L*(R; TN) is left. Letv = wou. To obtain this continuity, it suffices to show that
dw, (V™) belongs taC ([0, T]; L*(R; R%)).

First of all, the energy estimate (4.1) impligg/dt) (N<,(t))* < C for someC' > 0 which is
independent of € (0, 1). Hence we deduce

IV O 2y + s O Fm-1 gy
<V (0) 2y + 165 (0) o1 gy + CF.
Lettinge | 0, we see that’ ™) (t) = (eXV™u,)(t) € L?*(R;R?) makes sense for allc [0, 7],
and
VI () 2wy + e (O -1 @z
< ||V(m)(0)||2L2(R;TN) + ||u2?(0)|‘§{m*1(]R;TN) + Ct.
Noting thatu, € C([0,T]; H" *(R; TN)), we have
limsup [V (@)|[22@ny < IV O 72 @rn)- (5.6)

t—0

Sincew is the isometric embedding, (5.6) is equivalent to

lin sup ldwu (V") ()12 < ldwa(V™) 0122 g g (5.7)

Moreover, since), € L>=(0,T; H™(R;R?)) N C([0, T]; H™1(R; R?)), we seedw, (V™) (t)
is weakly continuous ir.?(R; R?). Hence it follows that

|’dwu(v(m)>(0)”%2(R;Rd) < hltnjglf ||dwu<v(m))<t)||2L?(R;Rd)' (5.8)
From (5.7) and (5.8), we obtain
i |, (V) (0) 2 gty = b (V) O) 2 g (5.9)

Consequently, (5.9) and the weak continuityiaf, (V™)(t) in the classL?(R; R?) imply that
dw,(V™)(t) is strongly continuous ir.?(R;R%) at¢ = 0. By the uniqueness af, we see
dw, (V™) (t) is strongly continuous at ea¢he [0, 7] in the same way. Thus we complete the
proof. O

i

6. SKETCH OF THE PROOF OFTHEOREM1.2AND 1.3

This section is devoted to the outline of the proof of Theorem 1.2 and 1.3. Recall in both
cases)V is supposed to be a compacalder manifold.

Proof of Theorenl.2 Since N is a compact Khler manifold, the procedures of the proof
is almost parallel to that in [17]. There is a difference to the proof of Theorem 1.1 in the
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energy estimate. Due to theakler condition, the classical energy method works effectively.
In other words, we do not need to use the gauge transformati®j'ef, used in the proof of
Theorem 1.1. This is the reason that this theorem holds:fgr 2. Indeed, we can obtain the
following.

Lemma 6.1. Let {u"}.c0,1) be a sequence of solution (8.1)(3.2) constructed in Proposi-
tion 3.1ask = m > 2. Then there exists a constdht > 0 depending only om, b, N, and
|10z || 2 rir vy SUCh that{ug, }.c(o,1) i bounded inL>°(0, T; H™(R; T'N)).

Proof of Lemmd.1 By the completely same calculus as that in [17, Lemma 4.1], we can show
that

d 6

dt” ()H%IQ(R;TN < C(a,b,N) ZH“ ||H2(RTN (6.1)

d g g g

%”ux(t)”zk(R;TN) < C(a,b, N, ||ua:(t)HHk—1(R;TN))Hugc@)H?{k(R;TN) (6.2)
for 3 < k < m hold for allt € [0,7.]. From (6.1) and (6.2), the desired boundness is immedi-
ately obtained. See [17, Lemma 4.1] for details. O

The other parts of the proof of Theorem 1.2 are same as that was discussed in Theorem 1.1.
Thus we omit the detail. O

Next, let(XV, J, g) be a compact Riemann surface with constant Gaussian curvatuaed
assume that # 0 andb = aK/2. Theorem 1.2 tells us that, given a initial data €
H™(R; N), there existsI" = T'(a,b, N, ||uoz||m2r:rny) > 0 such that the IVP (1.1)-(1.2)
admits a unique time-local solutiane C([0, T); H™(R; N)).

In what follows we will extend the existence time ofover [0, o). For this, we have the
following energy conversation laws.

Lemma 6.2. Foru € C([0,T); H™™(R; N)) solving(1.1)(1.2), the following quantities

o0 iy
Bu(t) = V20 + - [ (0lua(t), ua(0)' do

—K/ (1), Vs (1)))? da

2 Rg(uz(t) Ua(£))9(Vatia(t), Vet (t))de

are preserved with respect toc [0, 7).

Proof of Lemm&.2 The proof is also same as that was discussed in [17, Lemma 6.1]. Thus we
omit the detail. O

Proof of Theorenl.3 Letu € C([0,T); H™(R; N)) be a time-local solution of (1.1)-(1.2)
which exists on the maximal time intervi@ll 7'). If 7' = oo, Theorem 1.3 holds true. Thus we
only need to consider the cage< oc. From Lemma 6.2, we know that

e ()72 @y = Ntoel T2 @y, E(u(t)) = E(uo). (6.3)
Hence it follows that
KQ

IV 3 (1 )||L2 ®rN) =E(uo) — ?/R(g(uz(t),uw(t)))?’ dx
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+K/ (1), Vot (#)))? da

+ —/ Uz (), Uz () g( Vg (1), Voug(t))de
<E(up) + CK|||u.(t )”LOO(R;TN)Hvxur(t)H%?(R;TN)‘

The second term of the right hand side of the above is estimated as follows. At first, we have

IV ta Ol = = [ 9 (ua(0). V2 (t) do

< N (8) || L2 | Vot (8) || 2o vy
= |woa || 2@ i) || Vaus (0) | 2 o) - (6.4)

Next, note thatlw,(V,u,) = vz + A(v)(v,, v,) holds forv = wou by the definition of the
covariant derivative along the mapping By noting this and by using (6.4) and Sobolev’s
inequality, we obtain

[z () ||%oc (R;TN)
= [[v(2) ||%°°(R;Rd)

< Cllve(t) | 2®ira) | Vea (D) 22 (R
< Ol (t) ||L2 R;R%)

x (1w (1) <%ﬂwummmwﬂ+mwxwﬂwawp®wg
< Clluet) 2 qam

X(WMU+MW%WQ@MWM)

44XNm%ammmwﬂ%uwmmWQ
= C|lug(t) || L2 iy
X (||V:cux(t)HL2(R;TN) + C(N)Hux(t)HLoo(R;TN)||U:e(t)HL2(R;TN)>

< Clluoe || 2wy
1/2 1/2
% (et otz |V 20 (8) | ot
( ) ( )

+CXNNM%@thmfNMUmemfNJ

= Olluoal| (g ) I Va1 (8) | amarny
+ C(N) | (8) | oo iy |0z |72 iy
which implies
[tz ()| oo vy < C(N, |uos | 2@irn)) (1 + [ Vaus(t )||2/2%R TN > (6.5)
From (6.3), (6.4) and (6.5), we deduce

||Viu$(t) H%Q(R;TN)
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< E(w) + C(K, N, [[uoz || z2@rnvy)
1/2
x (14 1920 (0] ey ) 11V 200 (0) 2y
ThusX = X(t) = 1 + || VZuu(t) || 72 @1y Satisfies
X < 1+ E(ug) + C(K, N, |luoal 2y X/,
which implies thatX (¢) is bounded, and thus

S[UP) [V2u, ()| 2@y < C(K, N, [[tos|| m2mirn) (6.6)
te(0,T

for someC' = C(K, N, ||uos || z2®rny) > 0. Interpolating (6.3) and (6.6) we have

sup ||Ux(t)||H2(R;TN) < C(K, N, ||u0w||H2(R;TN))-

tel0,T)
Once we obtain thé7?(R; T'N)-boundness ofi,, the desiredd™(R; T N)-boundness ofi,
follows from the use of (6.2) inductively with respectice= 3, ..., m. Thus the existence time
of u can be extended beyofid O

7. APPENDIX

In this section, we check (4.3) used in Section 4. Operating™*! on the equation (3.1),
we have

AV = —e BV, 4 a VT, + KTV u,
+ eV g (uy, up ) u,. (7.1)
First, to compute each term of (7.1), we use the following relation
K VIR, =V, (X VI ) — KX VI, for ke N. (7.2)
By using this relation repeatedly, we deduce

KV, =V, VO — KV, (7.3)
vty =2V — 2K, V, V™ — (K, — K2) V™), (7.4)

vy, =3V — 3K, V2V - 3 (K,, — K2) V,V™
— (Ko — 3K, Ky + K2) V™), (7.5)

VT, =VV I — AR VAV — 6 (K, — K2) VIV
— 4 (Kpoo — 3K Koy + K) V, V™

— (Kppww — AK Ky — 3K2, + 6K2K,, — K2) V™, (7.6)
Moreover, (7.3) and the Leibniz rule yield that
VI [g(ug, up)uy] (7.7)
= 2eK g(VIty, )y + € g, uy) VI, (7.8)
1!
+ Y (W‘,L)ef‘g(vgux, Vou,)Vu, (7.9)
alBly!
a+pB+y=m+1
a,B,720

max{a:ﬁ77}<m

= 2g(VxV(m), Uy ) Uy + g (U, UI)V:EV(’”) (7.10)
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— Qg(KzV(m), Uz ) Uz — G (U, uI)KxV(m) (7.112)
1)!
+ E Mng(Vaux, VP, V. (7.12)
al Bl v v v
a+G+y=m+1
a,B,720

Next, we compute™ V7 *14,. Note that
Viu, = Veu, and V,Viu, = ViVau, + R(uy, ug)u,

follow from the definition of the Levi-Civita connection. Using these commutative relations
inductively, we have

m—1
VIt = ViV, + Y VY [R(ug, u) V=, ] (7.13)
=0
By multiplying eX with (7.13), we have
m—1
NV, = KV, VI, + > €NV [R(ug, u) VI, (7.14)

=0

By notingeV,V'u, = V, (¥V™u,) — K;VTu, = V,V™ — K,V™ and by substituting
(3.1) into the second term of (7.14), we deduce

m—1
VI, =V, VI — KV — 23" KV [R(ug, Vi) VI, ] (7.15)
=0
m—1
+ay "V [R(ug, Viu,) Ve, ] (7.16)
=0
m—1
+ ) RV [R(tg, JV o) VI, (7.17)
=0

(Note thatR(ux,bg(um,ux)um)v’w”_(l“)ux = 0 sinceR(u,,u,) = 0.) The fourth term of the
right hand side of (7.17) is decompose as

m—1
a Z NV [R(ug, V2u,) VI~ Dy, ] (7.18)
1=0
m—1
=q (Z AVl [R(ux, Viu‘r)v;”’klux] — R(uy, VIV(m))%) (7.19)
1=0
+ a R(ug, V.V ™ )u,. (7.20)

Note the tern\v™ 1y, never appear in the first term of the right hand side of (7.20).
Let us move to the computation of V1 JV u,. First, it follows from the definition that

(Vo )V =V, JV — JV,V for Vel (u'TN), (7.21)

where(V,J) is the covariant derivative dfl, 1)-tensor.J with respect tor alongu and is also
(1,1)-tensor field along:.. We will write (V,..J) V' not to be confused witk,JV. In the same
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way, (V1 J) with 5 > 1, which is the(;j + 1)-th covariant derivative ofl, 1)-tensor field/, is
also(1, 1)-tensor field along: defined inductively by the form

(VI )V =V, (VIJ)V — (ViJ)V,V for V eT(u"'TN),
where(V>J) = (V,J). Using (7.21) repeatedly, we deduce

VI IV gy = €KV IV g + XY TV (VL) VT, (7.22)
=1
For the first term of the right hand side of (7.22), (7.3) afid = JeX yield
XV, IV, (7.23)
=V, (Je* VIt u,) — K, Je"VIthy, (7.24)
=V, JV V™ — K.V, JV™ - K, JV, V™ — (K, — K2)JV™. (7.25)

For the second term of the right hand side of (7.22), by regar(ihg/) andV*+1~ly, as a
(1, 1)-tensor field and &1, 0)-tensor field respectively, we deduce

N VLV, ) VT, (7.26)
=1

= VIO (Vo)) @ Vi ) (7.27)

— K Z CIVL (V) @ VIl (7.28)

_ KZC2{Z llij) (VjJrlJ) V;”“”(’j)ux} (7.29)
= KZZ

l1]0 l_j

= meX (Vo) VI, + eKZZ

=1 =17 l_J

(VItL)) VIt y, (7.30)

(VT ) VIt (7.31)

whereC? : T,N ® T,N ® T:N — T,N is a contraction which maps; ® z; ® y; into
> _ixYr(z;)z;. Notice that the second equality of (7.31) holds since the covariant derivative
commutes with the contraction, and the third equality of (7.31) is due to the fact that

Vo (S@T)=(V,S)@T+ S (V,T)

holds for any tensof and7. See, e.g., [6] for these properties. Moreover, by noting that
f(V.J) = (V.J) f holds for any scalar functiofi and by using (7.3), we deduce

KV )V, =m (V) XV, (7.32)
=m (Vo J) Vo,V —mK, (V,J) V™, (7.33)

Combining (7.22),(7.25), (7.31), and (7.33), we obtain
Ea VAL A VIR TS (7.34)

=V, JV V™ — KV, JV™ - K, gV, V™ — (K., — K2)JV™ (7.35)
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m (Vs J)v V) K, (V. J) V) (7.36)
—i—eKZZ z (VIR Vi, (7.37)
—J)!
=1 71

Consequently, by substituting (7.5),(7.6), (7.12),(7.17), (7.20) and (7.37) into (7.1), we deduce
the desired equality (4.3).
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